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Efficient algorithms were developed for estimating model parameters from measured
data, even in the presence of gross errors. In addition to point estimates of parameters,
however, assessments of uncertainty are needed. Linear approximations provide stan-
dard errors, but they can be misleading when applied to models that are substantially
nonlinear. To overcome this difficuity, profiling methods were developed for the case in
which the regressor variables are error-free. These methods provide accurate nonlinear
confidence regions, but become expensive for a large number of parameters. These pro-
filing methods are modified to error-in-variable-measurement models with many inci-
dental parameters. Laplace’s method is used io integrate out the incidental parameters
associated with the measurement errors, and then profiling methods are applied to ob-
tain approximate confidence contours for the parameters. This approach is computa-
tionally efficient, requires few function evaluations, and can be applied to large-scale
problems. It is useful when certain measurement errors (such as input variables) are
relatively small, but not so small that they can be ignored.

Introduction

Parameter estimation, data reconciliation, and gross error
detection for error-in-variable measurements (EVM) cases of
both steady-state and dynamic systems have been treated ex-
tensively in the literature (Albuquerque and Biegler, 1996a,b;
Basu and Paliwal, 1989; Crowe, 1989, Fariss and Law, 1979;
Johnston and Kramer, 1995; Kretsolvalis and Mah, 1988;
Liebman et al., 1992; Narasimhan and Mah, 1988; Sistu et al.,
1993; Swartz, 1989; Tamhane et al., 1992; Tjoa and Biegler,
1991; Schidder et al., 1995) leading to algorithms that are
able to solve many large optimization problems that arise in
common industrial practice. On the other hand, little atten-
tion has been given to the important concomitant problem of
assessing uncertainty in these estimates, and drawing statisti-
cal inferences on the parameters. In problems that are ap-
proximately linear, standard errors may be obtained by apply-
ing standard least-squares theory to a linearized solution
space for the system. As nonlinearity increases, however, al-
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ternative methods are needed. An effective approach in-
volves profiling (Bates and Watts, 1988), which is a technique
based on the signed-square root of the loglikelihood function
(or log posterior density) that produces improved confidence
intervals (Sweeting, 1995) on the estimated parameters. The
purpose of this article is to extend the profiling methodology
to EVM problems. The additional complications in this con-
text are (1) the introduction of incidental parameters associ-
ated with the measurement errors in control variables; (2) the
computational burden of having to solve the system each time
the loglikelihood function is evaluated. Here, we adopt a
Bayesian approach and apply Laplace’s method to integrate
out the incidental parameters. We take advantage of the
sparse structure of the problem and find this methodology to
be useful when the size of the measurement error is small,
but not so small that it may be ignored.

The dynamic EVM parameter estimation problem and the
available solution methods for it are described. This problem
is encountered frequently in process control applications.
Here, both the outputs and the inputs are measured and
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model parameters are inferred. In this problem the control
input variables act as incidental parameters, and they gener-
ally have small measurement errors (such as actuator errors)
associated with them. The profiling methods are reviewed for
drawing inferences on the parameters for problems where the
regressor variables are error free. The way that Laplace’s
method may be used to integrate out the incidental parame-
ters is described, and several examples are presented.

Dynamic EVM: Formulation and Point Estimates

Consider a process whose state depends on the values of
input or control variables (such as feed flows and tempera-
tures) and unknown time invariant parameters (such as rates
of reaction and heat-transfer coefficients). This process will
be described by a system of differential and algebraic equa-
tions (DAE) and in most cases by consistent initial conditions

dx
f(z,x(t),u(t),e,t) =0 1)

x(t)) = x; (¥3)

Here, x = x(t) are the state variables, « = u(¢) are the input
or control variables, and 6 =(6,, ..., 6,) is the m-dimen-
sional model parameter vector. Equations 1 and 2 define an
implicit function x(#)= g(u(t),,¢). Thus, the degrees-of-
freedom correspond to the parameters 6 and the input vari-
ables u. In EVM problems, both the state (explanatory) and
the input (regression) variables are being measured. The
measurement error model is

() =x(6) + €,(1) 3)

a(t)=u(t)+ ¢€,(1) )

where X(¢) and u(t) are the measurements associated with
the state and input variables, respectively, and €,(¢) and e,(¢)
are their measurement noises. Because the control input
variables have errors chiefly associated with actuators and
control elements, we assume that €,(¢) is small.

Note that in practice, it is unusual to measure all the state
variables and, instead, one usually measures a set of variables
y related to some subset of state variables. However, for the
sake of clarity, we will work with the model described by Egs.
1-4. Extensions to deal only with measured variables can be
made following the same analysis.

Let p(e(t)) and p,(€,(1)) be the probability density func-
tions associated with the measurement noises. The problem
here is to estimate the parameter vector @ from measure-
ments ¥(¢) and %(¢), and also the densities p,(e(¢)) and
p.Lef1)). The measurements will be distributed according to
p LX) x(¢)) and p,(@(¢)|u(s)). Assuming that both noises
€,(t) and €,/(¢) are independent, then the joint density of
(x(8), u()) will be p (x(£)| x(e))p, (T2 | u(t)). Since u(t) and
6 are implicit functions of x(¢), the likelihood function can
be written as

L(u(1),6) = p (x()Ix()) p, (a(ONulr)). (5)
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Defining the prior density as «(u(t),8), the joint posterior
density will then be

pu(e),0) = L(u(t),0)m(u(1),6). ©6)

Using the maximum-a-posteriori (MAP) method, the regres-
sion problem can be posed then as an optimization problem

Brni(n) ~log{ p(u(1),0)} = —log{p,le.()1p,[e ()] (u(s),8)}
ult

dx
s.t.f.[z,x(t),u(t),ﬂ,t] =0 @)
x(t) = x,.

We assume state and control variables cannot be sampled
continuously across time, but at discrete times (¢, ..., ,).
Also, the state variables are sampled one time instant ahead
of the contro! variables (at ¢,, ) and we assume that both
the noise and prior distributions are independent across time.
Then, the posterior distribution density will become

pluy, - ,u,,60%,0)

=p (X, b, ) l_I p(xlx)p,(lu)m(u;,0)  (8)
i=1

To ensure an accurate representation, we discretize the DAE
system (Egs. 1 and 2) using Implicit Runge Kutta or orthogo-
nal collocation schemes at these sampling points (Al-
buquerque and Biegler, 1996a; Liebman et al., 1992; Sistu et
al., 1993) obtaining the following collocation and continuity
equations

Fi(x;,%;,u;,8)=0
Xior = H(x;,%;)

i=1,...,n )

where x; are the collocation variables or stage derivatives.
Although the DAE does not have to be discretized only at
the sampling points (Albuquerque and Biegler 1996a), we as-
sume that the sampling times provide a stable enough dis-
cretization grid for simplicity, keeping in mind that this as-
sumption can be easily relaxed. Using the MAP method on
the distribution (Eq. 8) constrained to the discretized DAE
(Eq. 9), Eq. 7 is transformed into the following discretized
nonlinear programming (NLP) formulation

min - Y logl p,(x;1x,) p (@, lu)m(u;,0)]

O, oy o
—log p (X, 1%, 1)
s.t. F(x;,%;,u;,0)=0
X, = H(x,%,) (10)
i=1,,n

x,=x(t)
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Equation 10 grows in size both in the number of variables
and degrees-of-freedom for optimization as the number of
time steps or data sets increases, and can easily become too
big to solve unless special measures are taken (Albuquerque
and Biegler, 1996a; Steinbach, 1995; Betts, 1995; Schlider et
al., 1995). Several efficient methods have been developed that
allow for a fast solution of the larger-scale problems that arise
in solving Eq. 10. Some of these methods (Albuquerque and
Biegler, 1996a; Steinbach, 1995; Schidder et al., 1995) are tai-
lored to the structure of the first-order optimal conditions
arising from Eq. 10 and their computational effort is linear
with the number of time steps (or data sets). General large-
scale optimization (Betts, 1995) algorithms with sparse alge-
bra reordering algorithms for the first-order optimal condi-
tions can also be used. However, even when an efficient
method is used, the problem may still be expensive. Conse-
quently, any method of drawing inferences on the parameters
must limit the number of times Eq. 10 is solved.

Profiling Methods

Profiling methods were discussed by Bates and Watts (1988)
as an approximate and reasonably efficient method to obtain
nonlinear inferences. Additional general discussion and the-
ory has been provided by Sweeting (1995). In this section we
review key elements of this methodology.

Consider the regression problem described in the previous
section but without the input or control variables (incidental
parameters) u(¢) or assuming that these are error free, so
that they become constants. The DAE that models the proc-
ess becomes

(ax (t),0 ) 0 1n)
PV t; 3t =
f ot *

x(t) = x, (12)
and the measurement model is

() =x(e)+ e(t). (13)

As in the previous section, we obtain a likelihood function
from the distribution of the measurement error e(¢) and in-
troduce a prior distribution on the parameters (). The re-
sulting posterior density function becomes

p(01x) a p((Dx(t N7 (8). (14)

Sampling x(¢) at times (¢, - , ¢,, ;) and discretizing DAE
(Eq. 11) at those times, we get the following MAP problem

n+1
mgn— Y logl p(%|x,)m(8)]
i-1

s.t. F(x;,%,6)=0
X1 = Hx;,%) 15
i=1, " ,n

x,=x(t))
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Define the log posterior function as £(6)= —log( p(f)lx))
where p(6|x) is defined by Eq. 14, and let 6= (01, .- 0 )4
be the solution to Eq. 15. In addition, let 6. —(01, e Oq ”
0q+1, . 6 )T be the conditional solution to Eq. 15 subject
toa flxed value of 0,.

For linear problems (using appropriately chosen prior dis-
tributions), the posterior distribution of 6 has a multivariate
student’s ¢ distribution, which leads to marginal ¢ (or asymp-
totically z) distributions for each parameter and bivariate ¢
distributions for each pair of parameters. Thus, inferences
about individual parameters may be made, and the bivariate
densities for parameter pairs have elliptical contours, which
are easily drawn. Corresponding to these methods are com-
plementary techniques for nonlinear problems, which are
based on what Bates and Watts call profile t functions, profile
traces, and profile pair sketches.

First, the profile ¢, also more informatively called the
signed-square-root of the log posterior density (Sweeting,
1995)

T(gq):ggn(@q—éq)Vz(f 6, 0_,,)— f(é)) (16)

is a symptotically distributed (as n — ) as a standard normal
distribution to a high order of accuracy (Bates and Watts,
1988; Seber and Wild, 1989; Sweeting, 1995). The term “pro-
file” here refers to the use of the conditional maximum of the
log posterior after fixing the value of the component 6,. This
profile 7(6,) may be displayed as a function of ¢, and, using
the approximation 7(6,) ~ N(0,1), marginal confidence inter-
vals may be obtained from the cumulative distributipn values
for the asymptotic normal distribution by solving

18)=+2_.p a7

for 6, (effectively, by reading values from the horizontal scale
of the plot). This way, we get an approximate 1— « marginal
confidence interval [oq’,oq"]. In addition, nonlinearity of this
plot indicates nonlinearity of the model and deviation from
normality of the marginal posterior on 6,.

The profile trace plot for parameters 0 and 6, is a plot of

q
6, vs. (6_ »)q and also 6, vs. (Oﬂq)p,where (6. o)y is the pth

element of the vector (0 o)- This plot gives mformatmn on
the joint posterior of 6, and 8, If the parameters are highly
correlated, the pair of curves will be very close, whereas if
the correlation is weak, the profile traces will tend to be per-
pendicular. The profile traces will be linear if the model is
linear in the parameters. In a profile trace plot of 6, vs 6,
the endpoints of the marginal confidence mtervals [ "]
and [0’, 6,'] correspond to extreme points. Therefore, the
tangents to the confidence contour at these points will be
vertical or horizontal. These four points plus this information
on the tangents can be used to sketch an approximate confi-
dence contour (the profile pair sketch) by interpolation.

From the above properties, the profiling procedure can be
summarized with the following steps, as discussed in Bates
and Watts (1988). Further details of this procedure and ex-
amples on the construction of approximate nonlinear confi-
dence regions using profiling are provided in Bates and Watts
(1988).
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e For each parameter 01,, set 7, according to the desired
confidence levels 1— « in Eq. 17 and obtain the correspond-
ing value of 6, by solving Eq. 16.

For all ¢ # p: A

e For a fixed value of 6,, determine (6_ )y by solving Eq.
15 and plot 8, vs. (6_,),. From the profile trace plots, we
can get the following pairs from the upper and lower limits of
6, and 4,

(e‘il(é—q)p) (Gq“,(é_q)p) ((é'l’)q’olf) ((é‘l’)q’eﬁ’u)

e Transform the values of 6, vs. (§_ p)q V8. 6, for each pair

. (
into the space of 7, and 7,

(T;’TP(TJ)) G ACD) (T;(Tpl)’Txf) (7 (7,),79)

e Normalize these points in the 7 space by dividing them
by the critical confidence value 7,_,,. Let 7" =7/7,_,, so
that we get the following pairs

-1 7,(=1)
1 7,(1)
ACDY) -1
7,(1) 1

(18)

e For a given confidence level 1 — a, interpolate the points
from the pairwise plot in 7-space by approximating the confi-
dence region as an ellipse. This can be done by setting

d
7;;=cos(a+5) (19)

d
r,;=cos(a—5). Qo)

Here, the angle a varies from —# to 7 and d is a constant
phase shift for a true ellipse. Based on points from the pair-
wise plots, interpolate d as a function of g, that is

d(a) ) 1

L
Tq—COS(a+

22)

e For a varying from — 7 to 7 and d(a), plot the approxi-
mate contours in 7-space.
e Transform these contours from r-space to #-space.

Integrating Incidental Parameters

The profiling approach described in the previous section
cannot be applied directly to Eq. 10 because of the large
number of control variables u;, which are incidental parame-
ters. Within the Bayesian framework we are adopting, the
solution is to integrate the incidental parameters u; from the
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joint posterior distribution of (8, u,, ---, u,) retrieving the
marginal posterior density in & alone, that is,

+ @
pOlED a [ p(O,u;, =, u,l%B)du; - du,, (23)

and then use the profiling techniques outlined above. Be-
cause of the heavy computational burden involved in evaluat-
ing the posterior density (which requires solving Eq. 10 re-
peatedly), we use an approximation known as Laplace’s
method (Kass et al., 1991; Murray, 1974; Tierney and Kadane,
1986). A further justification for this approach is that the er-
ror associated with u; is small.

Laplace’s method
Let ¢ be the objective function in the Eq. 10 problem

¢(x1’ ,u"’o)

» Xn+ 1M

= Z —logl p.(%;1x) p, (@ lu;)mw(u;,60)]

i=1

_log Px(in+]|xn+1)- (24)

For the sake of simplicity, we gather the state and control
variables across all data sets into x7=(x7, --- , xI ) and
uT =@, -, ul). Note that the state variables x are implicit
functions of the parameters 6 and the control variables u
through the DAE model (Eq. 9); thus, the objective function
of the Eq. 10 problem can be written as

D(u,0) = ¢(x(u,6),u,0). 25)
The posterior density on (u,8) will be

p(u,8|%,7) o exp (— ®(u,0)). (26)

We expand the objective function around the conditional
minimum (&,(8),6) in a second-order Taylor series

®(u,8) =~ 0(i(9),6)
d*®(6,u)

1( (6"
+5 u—u(6 a2

(u—a(e)). @D
)0

a(e

Inserting Eq. 27 into Eq. 26, we get the following approxima-
tion p(6|%,%) to the marginal posterior density p(8|x,u%)

+ oo
PO1%,3) & exp (— D(2,0)) [

Td2<I>(0,u)
du?

1
exp (—E(u—ﬁ) (u—ﬁ))du. (28)
2,0

The integral on the righthand side of Eq. 28 is equal to the
normalizing constant of a multivariate normal distribution
with mean 4 and covariance matrix {d?®(0,u)/d?|; 417", thus
Eq. 28 becomes

April 1997 Vol. 43, No. 4 989



p(61%,7) o — exp(— (i2,6)) (29)

122

where 37! = d?®(0,u)/du?l; . Note that we do not need to
compute the proportionality constant in Eq. 29 because the
profiling method described in the previous section involves
the computation of the difference between log posterior
functions (see Eq. 16).

The approximation of Eq. 29 becomes inaccurate when the
nonlinearity of the model becomes severe, or when the input
variable measurements are very noisy while the number of
incidental parameters is large. We will illustrate this effect in
the next section of examples.

Computation of the Hessian matrix

We now describe how to compute the Hessian matrix
d*®(0,u)/du?); 9, which is needed for approximation (Eq.
29). This is the matrix of total second derivatives of the objec-
tive function (Eq. 25) constrained to the DAE model (Eq. 9)
and the initial conditions (Eq. 2), which we write in a com-
pressed form

Fl(xp).cpupe)
F(x,x,u,0)= (30)
F(x,,%,,u,,0)

x,—x(2y)
Glapy—| 7 HoR) @1
+17 Hn(xn’x'.n)
where % =(x7, -+, x7)7. From Eq. 25, and using the deriva-

tive chain rule and the fact that the state variables x are
implicit functions of the incidental parameters u, we get the
following expression for the total second derivatives

d’®d d% ZdJ 3% \ dx de
— = —=——
du?  du?  ou? Judx du Ixdu
52 2
9% dx d’x, 3¢
+ —. (32
(du) axzdu E du® dx, (32)

In order to perform these computations, we will have to
compute the first and second derivatives of x with respect to
u. These will be computed from Egs. 30 and 31 using the
derivative chain rule. We start by differentiating equations
F(x,%u,0)=0 and G(x,x)=0 with respect to x using the
derivative chain rule, and then solve for dx/du and d’x/du®.
For the first derivatives we have

dx aG\ ' 9G

—=—(—,) — (33)
dx ax ax

dF JF @F dx (34)
—_—— 4 — —

dc« dx 4x dx

990 April 1997 Vol. 43, No. 4

dx dF\ ! oF
—=-( ) (35)

dx ou’

For the second derivatives we get

d*x (dF)“ 3*F 5 3*F dx (dx\T9%F (dx
—=—{— —+ — 4= =1
du? dx ou? dudx du (du) ox? (du )

(36)
Note that the model Eqgs. 30 and 31 are sparse, and they have
an almost diagonal block structure; the derivative of the sec-
ond entry in Eq. 31 (x, — H(x,,%,)) with respect to x, for
instance, is identically zero, which means that the Egs. 33, 34,
35, 36 and 32 can be easily tailored to this particular basic
structure leading to a computational burden linear with the
number of data sets (n). Assuming that the Hessian matrix of
the total second derivatives of the objective function with re-
spect to the control variables will be positive definite (in or-
der for the Eq. 10 problem to have a unique solution), com-
puting the determinant of % in Eq. 29 will be proportional to

2 if we use a Cholesky factorization on 3.

Finally, we note that a less accurate inference based on a
linearized model offers no computational advantage for EVM
problems. First, we see in the next section that this linear
approximation can be very poor. Moreover, since we have a
large number of parameters (u,8), this analysis would be as
expensive as the application of Laplace’s method. For in-
stance, we could linearize the model (Egs. 30 and 31) around
the optimal point, eliminate the stage derivatives x; and solve
for the state variables x; by replacing the posterior density
on (u,6) (Eq. 26), which can be integrated in u using Eq. 28
to yield a marginal density in 8. Again, for each value of 6
we would have to resolve the regression problem to compute
the conditional optimal incidental parameters 2(6) in order
to capture the confidence regions between u and 6.

Examples

In this section we treat three examples. The first example
is very simple so that exact posterior densities can be com-
puted for comparison with approximation (Eq. 29). The sec-
ond example is nearly linear, and the incidental parameters
play a very mild role in the inference process. The third prob-
lem has a strong nonlinearity and shows the usefulness of
these nonlinear inference techniques, since in this case linear
approximations would be quite inaccurate. In all our exam-
ples, we use flat prior distributions on the parameter vector ¢
and the incidental parameters.

Accuracy of Laplace’s method in terms of input noise and
number of input terms

We illustrate the effect of increasing input noise on ap-
proximation (Eq. 29) in a very simple situation. Consider a
problem with only one state variable x, one incidental pa-
rameter u, and one parameter 6 where the measurements
are given by

e, ~ N(,1)

=i
I
=

+ €,

X

€, ~ N(,0%) (37

=
i

u+e,,
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and the state, control and the parameter are related through

x = 6u>. (38)

Assume that the measurements are ¥ =0 and # = 1. Using
Eq. 38 and the distributions Eq. 37, we get the following joint
probability density for u and 6

(wolrm) 1 1{u—-1\? 10“ (39)
plu,8\x,u a;exp -—E( p ) exp(~5 u)

The marginal density on 6 is obtained by integrating out u
from Eq. 39

p(9)=fx p(1,0)du (40)

Note that when the measurement noise on the incidental pa-
rameters is very small (o — 0), the first exponential on right-
hand side of Eq. 30 will tend to a Dirac 8(u« —1) function,
and the marginal density on 8 will be given by a normal dis-
tribution N(0,1). From Eq. 7 we see that this regression prob-
lem can be posed as

u,8 2 2 g
s.t.x = Qu’. 41

1 1{u~1\2
min —x2+—( )

When o — 0, the term in u will drop out of the objective
function and Eq. 41 becomes a linear parameter estimation
problem with 6 ~ N(0,1). By linearizing the constraint in the
Eq. 41 problem around the optimal value 6=0,2=1, and
£ =0 and replacing in the distributions (Eq. 37) and integrat-
ing out the incidental parameter u, we get the following lin-
ear approximation for the integral (Eq. 40).

Integral

-3 2 -1 0 1 2 70
Figure 1. Exact integral on 6 (—), Laplace approxima-
tion - - - -) and linear approximation (----)

for noise on incidental parameters o =0.01.
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Integral

-3 -2 -1 0 1 2 3 6
Figure 2. Exact integrat on 6 (—), Laplace approxima-
tion (- - - -) and linear approximation (----)

for noise on incidental parameters o =1.

1
p(61%,7) =V27 exp(—~2—92) (42)

which is an unnormalized N(0,1) distribution.

In this example we compare the unnormalized marginal
density in 6 obtained by computing the integral (Eq. 40) nu-
merically using Mathematica (Wolfram, 1988) with the
Laplace approximation for several noise levels in u and with
the linear approximation (Eq. 42). Figures 1, 2 and 3 show
the comparisons for standard-deviation ¢ = 0.01, 1.0, and 2.0,
respectively. For the first two cases, the Laplace approxima-
tion is almost perfect but it deviates for the last case where
the incidental parameters become quite noisy and the prob-
lem deviates more from linearity. In every case, however, the
Laplace approximation is far better than the linear approxi-
mation.

We now study the behavior of approximation (Eq. 29) when
applied to high-dimensional integrals (large number of inci-

Integral

-3 -2 -1 0 1 2 3

Figure 3. Exact integral on ¢ (—), Laplace approxima-
tion (- - - -) and linear approximation (----)
for noise on incidental parameters o =2.
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2E-22
1.5E-22
e
= + Exact
1E-22+
X Laplace
SE-23
0 T T
0 0.5 1 1.5 2
9
Figure 4. Exact density on & and Laplace approxima-
tion.

n=10and ¢ = 0.01.

dental parameters) by expanding the number of parameters
in the above problem. Consider the following measurements

X,=x,+e, €~N(O]I
Xy =xy,+€, €~NO]
u;=u;+ e, €u~N(0,0'2) (43)

where the states x,; and x,;, the controls u,, and the param-
eter 9 are related through

Xy, = 0u? 44
x,;=0c? (45)
=1, ,n

and c¢; are constants. This example was simulated by setting
6 =1, u;=i/n, c;=i/n and computing the corresponding x,;
and x,;. The data were simulated by adding randomly gener-
ated noise to the simulated values according to the model in

3E-300
ZE-SOOJ
g + Exact
X Laplace
1E-300
0 T T
0 0.5 1 1.5 2
0
Figure 5. Exact density on 0 and Laplace approxima-
tion.

n =150 and o = 0.01.

992
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bt
=

1.5E-07
1.0E-07
s
= —+—  Exact
~—¥— Laplace
5.0E-08
0.0E+00 - T T T -
@ - “ o 0

~

Figure 6. Exact density on # and Laplace approxima-
tion.
n=10and o = 0.3.

Eq. 43. By using Egs. 44 and 45, we get the following joint
posterior density in the parameters and the inputs

p(O,u;, - ,u,l%0)a
n 1 2 1 2 l{u -7 2
il:ll exp —E(Bu?—x”) —5(96,?'—,\?2,-) —5( - ) }
(46)
and the marginal density in 8 becomes
+x
p(GI)'c,ﬁ)=f p(Ouy, -, n)duy -3 du,. (47)

Figures 4 and 5 compare the integral in Eq. 47 obtained by
the numerical integration with the Laplace approximation for
a small number of data sets (n = 10) and a large number of
data sets (n = 150) for the case of a small measurement noise
in the inputs (o = 0.01). In Figures 6 and 7, we do the same
comparison but for the case of noisier inputs (¢ = 0.3).

For o = 0.01, the approximation in Eq. 29 holds even for a
large number of incidental parameters, but for o =0.3 the

5.0E-79

4.0E-79

3.0E-79 +

1(8)

—+—  Exact

20679 —%— Laplace

1.0E-79

0.0E+00
=

i 3
Figure 7. Exact density on 8 and Laplace approxima-
tion.
n =150 and o =0.3.

- “ ~
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" ST >

Ay F) Az Fa

Figure 8. Two tanks connected by a valve.

inputs are noisy enough so that the approximation breaks
down even for a few points and loses accuracy as the number
of data sets increases. Thus, we conclude that the approxima-
tion in Eq. 29 is reliable for large numbers of inputs as long
as the measurement noise level remains small.

Two connected tanks

In this example, which we treated previously (Albuquerque
and Biegler, 1996a,b), we have two tanks connected by a valve.
The measured variables are the flows F,, F;, F, and the lev-
els of liquid 4, h,. The parameters are the inverses of the
cross-sectional areas 1/4,, 1/4, and the incidental parame-
ters are the feed flows F,. The arrangement is shown in Fig-
ure 8. The model for this process is described by the follow-
ing DAE

Ah=Fy— F, (48)
Ayh,=F,~F, (49)
hy=h, (50)
F,=An/2gh,. 51

The states and control variable were discretized with #n =
10. To simplify the solution of these equations, Eq. 51 can be
squared, since all variables involved (areas, flows, levels) are
positive, becoming — FZ/A3 +2gh, = 0. Note that the only
nonlinearity comes from this equation as its second derivative
with respect to the state variable F, is equal to —2/43. The

10.0
B
75 -
a Level 1
< Level 2
309 o Flow 1
A Flow 2
25 ::] Feed flow
00 LF T Y T T
= " < n = "
(=1 N vy =~ 5:_ ]
Time
Figure 9. Data for the two tanks.
Levels in meters; flows in cubic per s.
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Figure 10. Profile = plot for 1/A,.

data were simulated by solving the DAE system with A4, =
A,=2m? and F,=9m>/s and adding Gaussian noise, with a
zero mean and a standard deviation of 0.05. These are dis-
played in Figure 9.

A least-squares objective function was used and the esti-
mates for the parameters are 0.496 and 0.503. The nonlinear-
ity in the model is very weak. The profile + plots are repre-
sented in Figures 10 and 11, and the combined pairwise plot
is shown in Figure 12. From these plots, marginal confidence
intervals for 1/4;, and 1/4, can be directly obtained by
equating 7 t0 + z;_,,. For instance, intervals with a 99%,
95%, and 90% may be obtained by equating 7, and 7, to

4
2 =
e 07
.2 -
-4 T T T T
2 g 3 P 3 i
(=] < v [~ v
(=2 < (=
1/A2
Figure 11. Profile = plot for 1/A,.
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Figure 12. Likelihood contours for the tanks problem in
the = space.
Innermost: 90%; inner: 95%; outer: 99%.

+2.57, £1.96 and + 1.64, and reading the corresponding val-
ues of 1/4,; and 1/4, off the horizontal scale in Figures 10
and 11. For 1/4, we get [0.436, 0.571}, [0.449, 0.551] and
[0.456, 0.542]. For 1/4,, we get [0.496, 0.511], [0.498, 0.509]
and [0.499, 0.508]. In this problem, the correction for inte-
grating the control variables was very small. Finally, Figure
13 shows the interpolated contours in the parameter space.
Each regression took 7.8 s of CPU time in a MicroVAX 3200
workstation. Computing the second derivatives and their de-
terminant took 5.5 s. Total running time was 146 s.

Reactor problem

In this problem, treated previously in Sistu et al. (1993)
and Albuquerque and Biegler (1995), we consider a non-
isothermal CSTR with an exothermal irreversible reaction.
The equations that model the process in dimensionless quan-
tities consist of the following system of ordinary differential
equations (ODE)

dx, (
— = —®x, exp

P )+q(x1f—x,) (52)

X
1+ x,/A

dx
——2=B<II'x1 exp( )—(q+5)x2+8u+qx2f. (53)

X3

dt 1+ x,/A
Here x,, x, are the dimensionless concentration and temper-
ature of the exit stream, and they are state variables. The
feed conditions correspond to x;; and x,,, and these are
assumed to be constant and error free. The control variable
u is the dimensionless temperature of the cooling jacket, ¢ is
the dimensionless time variable, ® is the dimensionless Ar-
rhenius factor, 8 is the dimensionless reaction enthalpy, &8 is
the dimensionless heat-transfer coefficient of the cooling
jacket, A is the activation energy, and ¢ is the input to output
flow ratio. These last five quantities are time independent
and are known, except for ® and A (the kinetic parameters).
The system was simulated with ($, B, 6, A, g) set to (0.072,
8, 0.3, 20, 1.0), and x,; and x,; set to 1.0 and zero, respec-
tively, and with u set to a flat zero profile. White noise with a
standard-deviation of 0.1 was added to x,, x,, and u.

994 April 1997 Vol. 43, No. 4

/A

0.505¢1

.4 55 0.6 VA,

0.495{

Figure 13. Likelihood contours for the tanks problem in
the parameter space with the profile trace
plot overlaid.

Innermost: 90%; inner: 95%; outer: 99%.

The data, together with the true values and the fitted
model, are taken from Albuquerque and Biegler (1995). The
states and control variable were discretized with » =100, and
the problem was solved using a least-squares objective func-
tion and the fitted values for ® and A were 0.0718 and 20.144.
The profile trace plot for this problem is shown in Figure 16,
and the profile 7 plots are shown in Figures 14 and 15.
Marginal confidence intervals of 99%, 95% and 90% for ®
are given as {0.0678, 0.0758], [0.0687, 0.0749], and [0.0692,
0.0744], respectively. For A we get [16.24, 26.21], [16.99, 24.51]
and [17.40, 23.91]. A plot of the confidence contours in the
parameter space overlaid with the profile trace plot is given
in Figure 17. In this problem, each regression took 0.13 s
in a MicroVAX 3200 workstation. Computing second deriva-
tives and their determinant took 1 s. The total CPU time was
26.4 s. This problem shows a strong degree of nonlinearity
which would not have been captured using linear approxima-
tions.

We can check Laplace’s method in this example by com-
paring the profiles obtained in the absence of incidental pa-
rameters with those obtained in the presence of a very small
measurement error in the incidental parameters. In both
cases, the measurements for the state variables x were simu-
lated by adding normally distributed noise with a standard-
deviation of 0.1 to the true values. In the last case, the mea-
surements for the control variable u were generated using
normally distributed noise with a standard deviation of 0.0001.
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Figure 14. Profile = plot for parameter ¢.
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The results are so close that the graphs overlap. More de-
tailed information on this case can be found in Albuquerque
(1996). Finally, if we compare the combined profile trace plots
for the case where there are no incidental parameters, the
correlation between the parameters is so strong that both
curves overlap. Here it is evident that the Laplace correction
is negligible for the case when the noise in the incidental
parameters is very small.

Conclusions

EVM problems arise in many steady-state and dynamic pa-
rameter estimation problems. These problems are especially
important for on-line applications in process control where
measurement errors in the process outputs and inputs cannot
be ignored. Efficient algorithms have recently been devel-
oped to solve nonlinear EVM problems (Albuquerque and
Biegler, 1995, 1996a,b) but without the capability for nonlin-
ear inference of these parameters. Also, questions of de-
pendence among parameters and parametric sensitivity re-
main unanswered, and these considerations may even invali-
date the results of the point estimation.

On the other hand, exact methods for nonlinear inference
are expensive for process models even if only a handful of

T(A)

e

Figure 16. Likelihood contours for the reactor problem
in the 7 space.
Innermost: 90%; inner: 95%; outer: 99%.
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Figure 17. Likelihood contours for the reactor problem
in the parameter space with the profile trace
plot overlaid.

Innermost: 90%; inner: 95%; outer: 99%.

parameters are present. Instead, for this case, an efficient
profiling approach (Bates and Watts, 1988) leads to a reason-
ably accurate approximation of confidence regions. However,
when the number of parameters becomes large, as in the
EVM problem, even this approach is prohibitively expensive.

In this study, we have proposed a new approach for draw-
ing inferences from EVM models in dynamic systems, and we
derived and demonstrated a computationally feasible method.
This approach combines profiling and Laplace’s method, both
of which may be justified by asymptotic arguments. We turn
to these approximations because of the computational bur-
den inherent in dynamic systems; each evaluation of the like-
lihood function is costly because a DAE system must be
solved. As a result, Monte Carlo or quadrature methods
(Genz and Kass, 1997 and the references therein) cannot be
used in this setting.

Although Laplace’s method can break down as the number
of incidental parameters u, increases (Shun and McCullagh,
1994), our examples demonstrate that the technique remains
effective when the noise in the incidental parameters is small,
even for a large number of control variables. In practice, the
control and input variables are usually selected so as to be
measured fairly accurately so that the process may be con-
trolled in a reliable way. Thus, we believe the Laplace ap-
proximation is a reasonable method to use in these problems.

Finally, this study indicates that estimation of and nonlin-
ear inference about process parameters can be obtained fairly
inexpensively by applying profiling and Laplace’s approxima-
tion. Its performance on two nonlinear process systems indi-
cates that this approach can be coupled with efficient on-line
state and parameter estimation algorithms with reasonable
computational requirements. As a result, this approach leads
to an efficient and effective analysis tool for process model-
ing, data reconciliation and on-line optimization.
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